Journal of Mathematical Chemistry 19 (1996) 153-203 193

Mathematical foundation of the Hessian response
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In our previous studies of systems with multiple chemical equilibria we examined sensitivity
coefficients dn, /8Y, where ny is the equilibrium amount of the kth chemical species, and Y is
a parameter influencing the equilibrium. The chemical transformations in the system are
described by means of stoichiometrically independent reactions (SIRs). It was shown that the
sensitivity coefficients can be expressed in terms of contributions associated with so-called
Hessian response equilibria (HEQs). We now prove some fundamental properties of HEQs,
among which are the following: 1. The HEQs are independent of the choice of SIRs. 2. The num-
ber of linearly independent HEQs is equal to the number of SIRs.

1. Introduction

Consider a system in which chemical reactions occur between » distinct species
Ay, Ay, ..., A,. Suppose the system reached its equilibrium state (at constant tem-
perature and pressure). Let n; denote the equilibrium amount of Ag, k= 1,2, .., n.
Let Y be a parameter whose change affects the equilibrium, i.e., causes ny to
change. The quantity On,/0Y is a sensitivity coefficient (of the species Ax with
respect to the parameter Y). The part of chemical thermodynamics concerned with
sensitivity coefficients is called sensitivity analysis.
The chemical conversion of the species A4;, A3, ..., A, is described by means of
therelations

At + vipdy + ...+ vipdn =0
vd, + vpdr + ..+ vypA,=0 (l)
vAr + vmAz + ... 4+ VA =0

which are usually referred to as “‘reactions” [1]. These relations are required to be
stoichiometrically independent, which means that the vectors (vj1, vj2, ..., V),
j=1,2,...,m,areall linearly independent. Such a linear independence is achieved
if the rank of the stoichiometric matrix v
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V11 Via ... Vip
21 V2 .. Vo

v= (2)
Uni Vm2 .- Vmn

is equal to m. In what follows egs. (1) will be said to represent a set of stoichiometri-
cally independent reactions (SIRs). Recall that SIRS can be chosen in infinitely
many different, but (from the point of view of chemical equilibrium analysis)
equivalent ways. In particular, any linear combination of the SIRs (1) is (from such
aviewpoint) a stoichiometrically acceptable ‘‘chemical reaction’.

Let (3) and (4) be stoichiometric relations between the species A1, 4y, . ., Ay

n
> e =0, (3)
k=1

n
Z v Ar=0. (4)
k=1

Ifforallk=1,2,...,n, 15 = A, A # 0, then we say that the relations (3) and (4)
are stoichiometrically equivalent.

In a number of recent works [2-7] a theory was elaborated, in which the sensitiv-
ity coefficients were expressed in terms of contributions associated with a class of
stoichiometric relations between the species A;, 43, ..., 4,. These relations were
named Hessian response equilibria or, in short, Hessian equilibria (HEQs); their
definition is given in the next section. In particular, it was demonstrated that [3]

1 ] p ;
omi/0Y = 6+ S R({1) D({d, X)D((j} K (5)
WUl

and

A= SOSTR(E) L, ), (6)

"W

where [i] and [j] correspond to HEQs (see below) and the double summations
embrace all pairs of HEQs. The meaning of the other symbols in egs. (5) and (6) is
specified later (in section 5). Equations (5) and (6) make it evident that the Hessian-
response-equilibrium concept plays a decisive role in sensitivity analysis [2-7].

2. Definition of Hessian response equilibria

Although the HEQ-concept has its origin in (chemical) thermodynamics, the
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definition of HEQs is based solely on the stoichiometric matrix, eq. (2). Thus,
HEQs are stoichiometric and not thermodynamic notions.
In order to define the HEQs consider the determinant

I/I,i‘ Vl,iz s Vl,im._l Vl,k

.. . Vi Wi oo Yo, W2k
D(iy,iay .. i1, k) = ) (M

Vmiy, VYmiy --- Vminy Vmk

which is of order m, and which consists of the (i;)th, (i;)th, .. ., (i,—1)th and kth col-
umns of the stoichiometric matrix v. In what follows the (m — 1)-tuple (i, i, . . .,
im—1) Will be abbreviated by [i]. Consequently, instead of D(iy, i, ..., im—1, k) We
sometimes write D([i], k), as is the case in eq. (5). The (m — 1)-tuple [i] is required to
satisfy the conditions

I€hi<ih<...<ip1<n. (8)

In sensitivity analysis one encounters [2-7] certain stoichiometric relations of
the form

A +wmAdy+...+v,A, =0, (9)
where
Vk=D([i],k), k=1,2,...,n. (10)

Equations (7)—(10) define a Hessian response equilibrium (HEQ) 2. It is seen that
each HEQ is determined by a particular (n — 1)-tuple [i]. In view of this, the respec-
tive Hessian equilibrium will be denoted by H([#]). In the next section (in lemma
1) we demonstrate that HEQs are linear combinations of SIRs. This, in particular,
implies that relation (9), with the coefficients v, given via eq. (10), is stoichiometri-
cally correct.

The following properties of HEQs are straightforward consequences of the
above definition [2].

(a) The stoichiometric coefficient v in eq. (9) is equal to zero whenever k = i,
ork = ior...k = i1, because then two columns in the determinant (7) are equal.
This means that the species 4, , 4;,, .. ., 4;,_, have zero stoichiometric coefficients
and are thus not involved in the Hessian equilibrium H([#]).

(b) There are (,,," ;) distinct choices of the species 4;,, 4;, . . ., 4;,_, whose absence
defines a particular HEQ. Therefore the number of HEQs is equal to (,,”,). Note
that n is necessarily greater than m, and that (,," ) is usually much greater than m.
Throughout this paper is it assumed thatm > 1.

(c) Not all HEQs need to be distinct: It often occurs that two different (m — 1)-

2 Note that instead of “Hessian equilibrium” we earlier [2,3,5] used the term “Hessian reaction”.
This caused misunderstandings and was therefore abandoned.
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tuples [i] and [j] pertain to stoichiometrically equivalent HEQs H([i]) and H([j]). It
may happen that in some HEQs all stoichiometric coefficients are equal to zero.

3. The number of independent Hessian response equilibria is equal to m

In situations which are usually encountered in chemical thermodynamics, the
parameters n and m have such values that the HEQs far outnumber the SIRs. We
now demonstrate that, nevertheless, the chemical information contained in the
HEQs and in the SIRs is precisely the same

THEOREM 1
The number of stoichiometrically independent Hessian response equilibria is
equal to the number m of stoichiometrically independent reactions, specified via

egs. (1).

Proof

Theorem 1 is an immediate consequence of the below formulated lemmas 1
and 2. (I
LEMMA 1

Denote the number of independent HEQs by M. Then M <m.

Proof

The number of SIRs is m and they are independent by definition. The inequality
stated in lemma 1 will be verified if we demonstrate that the HEQs are linear combi-
nations of SIRs.

Denote by Dj,, the minor obtained by deleting the jth row and the mth column
from the determinant D([i], k), eq. (7). Then,

m

S (=1 Dy = D[, &) . (1)

j=1

Multiply the jth SIR by (-1 )j+"'Djm andsumoverallj =1,2,...,m. Then by taking
into account the identity (11),

n

i(—l)i+ijm [z": VﬂcAk} =3
=1 k=1

k=1

Z("l)jerDijjk} A

j=1
= ;D([i],k)f!k. (12)

The expression on the right-hand side of eq. (12) is just H([i]). O
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LEMMA?2
With the same notation asinlemma l, M >m.

Proof

The m SIRs in egs. (1), are independent by definition. This is tantamount to the
requirement that the rank of the stoichiometric matrix, eq. (2), is equal to m. The
condition rank v = m will hold if one can find i, iy, ..., i;m_1, im, such that the
determinant

I/lvil Vl;iZ M Vl»im-l Vl yim

.. . , Wi Vai oo Vo, W2,
D(iy,ip, ..« i1, im) = (13)

Univ VYmip -+ Vnjim  Vmjin

is different from zero. Without loss of generality we can label the species 4, 4>,
..o Aysothatiy =kfork=1,2,...,m Then D(1,2,...,m—1, m) =d is non-
Z€ero.

Order the HEQs so that the first HEQ is H(2, 3, 4, ..., m — 1, m), the second
HEQis H(1, 3,4, ..., m— 1, m), the third HEQis H(1,2,4,...,m—1,m), ..., the
(m—1)thHEQis H(1,2,3,...,m—2,m)and themth HEQis H(1,2,3,...,m — 2,
m — 1). The remaining (,,” ;) — m HEQs are ordered arbitrarily.

In accordance with egs. (7), (9) and (10), the first m stoichiometric coefficients
in the first HEQ are

n=D(2,34,....m—1m1l),
n=D2,3,4....m—1m2),

vy=D(2,3,4,...,m—1,m,3),

Um1 =D(2,3,4,....m=1,mm—1)
and
vm =D(2,3,4,....m—1,mm),
respectively. Bearing in mind eq. (13) we see that for the first HEQ
v = (—l)m—ld, V=1 =Us=...=Up_| =U=0.
In a fully analogous manner, for the second HEQ
vy = (—l)m-zd, N=U3=Us=...=VUp| =Vp=0,

for the third HEQ
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I/3:(__1)ln——3d’ VI:VZ:V"r:-‘-:Vm—l:Vm:O,
etc., and for the mth HEQ
Vpy=d, W=wrh=11=...=VUy 3=V, =0.

Thus, the stoichiometric matrix vy of the HEQs has the form

£ 00 0 .. 0 0 ..
0 74 0 0 ... 0 0
0 0 +d 0 ... 0 0
vy=| - . (14)
0 0 0 0 ... —d 0
0o 0 0 0 ... 0 d

From (14) is evident that the matrix vy possesses a square submatrix of order m,
namely,

+4d 0 0 0 ... 0 0
0 ¥ 0 0 0 0
0 0 +d 0 0 0
0O 0 0 0 ... —d 0
0 0 0 0 ... 0 d

the determinant of which is equal to +d4™, and is thus non-zero. Therefore the
rank of vy is at least m. O

4. The Hessian response equilibria are independent of the choice of the SIR -
basis

As already mentioned, instead of the SIRs given by eqgs. (1) we can use any of
their linear combinations, say

VlllAl "I‘ 1/12/42 + [ + UﬁnAn = O

VoA 4+ VA + ... 4+ VA, =0

21441 22412 i (15)
VA + Vpds + 0+ 1,4,=0

provided that the rank of the new stoichiometric matrix v/,
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G o
vy, Vb, ... VS

v'= 21 22 2n ’ (16)
Vil Vg - Vi

is also equal to m. Suppose that egs. (1) are transformed into egs. (15) in the follow-
ing manner:

n n n
Z V;,,kAk = Z Thj {Z I/j,A,] . (17)
k=1 j=1 i=1

Then the stoichiometric matrices vand v/, egs. (2) and (16), are related via
vV =Ty, (18)

where T = (Thx) is a square matrix of order m. In order to have rank v = rank v/,
the determinant | T| of T must differ from zero.

If |T| # 0, then we say that egs. (17) or (18) represent a transformation of the
SIR-basis (1) into a new basis (15).

THEOREM 2
Let H and H’' be two HEQs, pertaining to the same (m — 1)-tuple [i], but obtained
from two different SIR-basis. Then H and H’ are stoichiometrically equivalent.

Theorem 2 implies that the HEQs obtained from different SIRs differ only by a
multiplicative constant (which, as will be shown in a while, is just the determinant
of the transformation matrix T). In other words, the form of the Hessian response
equilibria is (up to a chemically insignificant multiplier) independent of the actual
choice of the SIRs.

Proof
The Hessian reaction H'([i]) corresponding to the SIRs (15) is

Z/lAl+V£A2+...+V’IIAn=O

with
Z/l,il V,l,iz e Lim—1 Vi,k
1/ _ 1/2,1'1 Vgﬂ‘z I/2,im_; l/2,k
e =
/
'/m,il I/m,iz T Vm,i,,,_‘ z/m,k

Now, because 14 = (Tu)ﬁ,j =1,2,...mi=12,.. ,n(seeeq.(18)), wehave
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(TV)l,i, (Ty)l,iz (TV)u,,,_, (TV)l,k
J = (TV)z,i, (TV)Z,iz . (T'/)z,i,,,_. (TV)z,k
=
(Ty)m,i| (Ty)m,iz st (Ty)m,i,,,_l (TV)m,k
Via WM -0 Y, Vik
— T ayy Y - V21, W2k
Vmit VYmiy -+ Vmin, VYmk
iy Vi -+ Viiey Vik
_ ]Tl Wy Wi .. V2i.., Vk
Vm,i; vail Lot l/m)im—l Vm)k
= |T|, (19)

where vy is the respective stoichiometric coefficient of H([i]), see eqs. (7), (9) and
(10). Thus we showed that ), = Ay, for all k=1, 2, ..., n, where A = |T| # 0.
Therefore, in accordance with egs. (3) and (4), H'([#]) and H([1]) are stoichiometri-
cally equivalent. U

Inview of eq. (10), a different way of writing eq. (19) is
D'([i), k) = |TID([]), k) - (20)

5. Discussion

By means of theorem 2 it is easy to show that the right-hand side of eq. (5) is inde-
pendent of the choice of the SIR-basis.

The symbols used in egs. (5) and (6) have the following meanings [4]:

§ = 1if Y is the initial amount of the species 4, and § = 0 otherwise;

Ril J1 Ril J2 s Rix Jm—1
R([,-]) _| Res Rujp oo Rij

'Rim-! J Rim—l J2 e Rim—l Jm-1
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where

R __1_ ____BzG 22
" RT \0nbn,)’ (22)

with G denoting the Gibbs energy of the system examined, while », and n, stand
for equilibrium amounts of the species 4, and 4;;

l/]),‘l 141 Jia e Vl,i,,,_1 X1

. 1/2’,‘l V2,i2 P 1/2,,‘"._l X2
D([],Xx) = : (23)

Umi, Vmiy --- VUmin, Xm

where Xj is a parameter associated with the jth SIR (for details see [2-5]);

ZZD r)D([), )Ry (24)

r=1 s=1

The determinants D([i], k) in eq. (5) as well as D({[i], r) and D([j], s) in the expression
(24) were previously defined viaeq. (7).

The quantity A, eq. (6) is called the Hessian determinant [2].

The matrix element R,; is defined in terms of G, n, and n; (see eq. (22)), for which
the choice of SIRs is immaterial. Consequently, R ([[:]) ,eq. (21), is also independent
of the SIR-basis.

Let L'([i],[j]) be the quantity analogous to L({[i],[j]), but calculated using the
SIR-basis (15). Then, in view of egs. (10) and (20),

ZZD’ b ) Res

r=1 s=1

_ ZZ ITID([E], MIITID], )] Res = ITPL([E, 1) -

r=1 s=1

Fromeq. (6) it now immediately follows that
A =[TPA. (25)

The reaction parameter X}, associated with the #th SIR from the basis (15), is
obtained from the SIR-basis (1) according to [2]

Xy =) TuX;,
Jj=1

where the multipliers T; are the same as those occurring in eq. (17). This implies
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Xi X
X, X
=T
X X,

and in a way fully analogous to the proof of theorem 2 we obtain from eq. (23)
D'([], X) = |TID([], X) . (26)

Bearing in mind egs. (20), (25) and (26), as well as the SIR-independence of
R (ED , we can now directly check that the right-hand side of eq. (5) has the same

value for all choices of the SIR-basis.
However, by the same argument we see something more: Each summand occur-
ring on the right-hand side of eq. (5), namely,

w1, 1) = xR ()2, 000G, B,

is independent of the SIR-basis. As discussed in detail elsewhere [4], the quantity
¥([i], [i]) represents the contribution of the Hessian response equilibrium H([i]) to
the sensitivity coefficient On /Y if [i] # [j], then ¥([1], [j]) is the respective contri-
bution of a pair of HEQs, H([i]) and H([j]). Thus, the invariance to the choice of
the SIRs applies not only to the sensitivity coefficients (which is a well known
result), but also to the decomposition of sensitivity coefficients into contributions
coming from HEQs and pairs of HEQs. This latter finding may be considered as a
further support for the plausibility of using Hessian response equilibria in sensitiv-
ity analysis.

Using theorem 2, we could deduce lemma 2 in an alternative way. Since the
HEQ-basis is same for all choices of SIRs, we first transform the initial SIRs, egs.
(1), into a linear combination in which the stoichiometric matrix has the form

1 00 ... 0 I/II,m-H I/ll,m+2 Vi/,n
v// — 0 1 O M O Vf,l/)m-i-l Vg,m+2 et I/ZI,n
0 00 ... 1 Vln,1,m+1 V;;,m-i-Z co I/r,;r,n

The rank-preserving transformation v — v" is achieved by standard methods of lin-
ear algebra. It is now straightforward to recognize that each row of the matrix v’
corresponds to an HEQ. These HEQs are necessarily independent.

In this paper we established some fundamental features of the Hessian response
equilibrium concept. By this we hope that its future use in chemical thermody-
namics (and elsewhere?) will be easier and with greater confidence. This results
communicated here demonstrate that HEQs are mathematically well-defined
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objects, possessing remarkable properties, and deserving the attention of mathe-
maticians and mathematical chemists.
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